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ABSTRACT: This study examines dy-
namic interdependence between different 
socio-cultural groups’ birth rates, mortality 
rates, populations, wealth accumulation, 
and the allocation of time between work, 
leisure, and childcare. It emphasises the 
role of changes in human capital, technol-
ogy, and preferences on birth and mortality 
rates and time allocations. The economic 
mechanism of wealth and income distribu-
tion is based on the Walrasian general equi-
librium theory, and wealth accumulation 
is based on the Solow growth model. The 
paper uses a utility function proposed by 
Zhang (2015) to describe the behaviour of 
households. It also models group and gen-
der differences in human capital, the pro-
pensity to have children, the propensity to 

use leisure time, and the efficiency of child-
care. The paper uses differential equations 
to describe the dynamics of group differenc-
es in wealth, income, birth rates, mortality 
rates, and populations. I simulate a model 
to show the motion of the system and iden-
tify the existence of an equilibrium point. I 
also examine the effects on the dynamics of 
the economic system of changes in the pro-
pensity to have children and the propensity 
to save, and in gender differences in the 
propensity to use leisure, in human capital, 
and in emotional involvement in childcare.
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1. INTRODUCTION 

Many modern economies consist of multiple socio-cultural groups. Different 
groups have different habits, customs, and attitudes to the family and having 
children. Even if we assume that a society is fair and there is no discrimination, it is 
reasonable to consider that cultural differences may result from differences in wealth, 
income, and population. In order to explain the consequences of differences in 
values and human capital between groups, this study deals with dynamic 
interdependence between different groups’ birth rates, mortality rates, populations, 
wealth accumulation, and time distributions between work, leisure, and childcare. 
We emphasise the role of changes in human capital, technology, and preferences 
regarding birth and mortality rates and time allocation. The basic economic 
structure is based on Walrasian general equilibrium theory, and wealth 
accumulation is based the Solow growth model. We use an alternative utility 
function proposed by Zhang (2015) to describe the behaviour of households. In my 
approach, wealth and income inequality is due to heterogeneity in households’ 
preferences and human capital levels, as well as in households’ initial wealth. We 
also model gender differences in human capital, the propensity to use leisure time, 
and the efficiency of childcare. We model the dynamics of group differences in 
wealth, income, birth rates, mortality rates, and populations.  

This study is based on some traditional economic theories. The economic aspects of 
this paper are strongly influenced by neoclassical growth theory. The seminal paper 
in the field is the Solow model. The theory is mainly concerned with endogenous 
physical capital or wealth accumulation (Solow, 1956; Burmeister and Dobell, 1970; 
Azariadis, 1993; Barro and Sala-i-Martin, 1995). The model of this study is built 
within the framework of neoclassical growth theory. We follow Solow in modelling 
economic production and wealth accumulation, but analyse household behaviour 
through the approach proposed by Zhang (1993). The model is also influenced by 
the Walrasian general equilibrium theory of pure exchange and production 
economies (Walras, 1874; Arrow and Debreu, 1954; Debreu, 1959; Arrow and Hahn, 
1971; Arrow, 1974; and Mas-Colell et al., 1995). The model in this study is Walrasian 
in the sense that for given levels of wealth there are competitive market equilibria 
with heterogeneous industries and households. As the Walrasian general theory fails 
to be generalised and extended to the growth theory of heterogeneous households 
with endogenous wealth (e.g., Morishima, 1977; Diewert, 1977; Eatwell, 1987; 
Dana et al. 1989; Jensen and Larsen, 2005; Montesano, 2008; Impicciatore et al., 
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2012), we apply neoclassical growth theory to introduce the wealth accumulation 
of heterogeneous households. 

Although endogenous population dynamics are mostly neglected in the main 
streams of economic growth theory, interaction between economic growth and 
population change has been a challenging question in economics even since Malthus 
published An Essay on the Principle of Population in 1798. This study examines 
dynamic interactions between wealth accumulation and population change with 
endogenous birth rates and mortality rates in a multi-group neoclassical growth 
framework. Many factors influence fertility, such as changes in the gender gap in 
wages (Galor and Weil, 1996), labour market frictions (Adsera, 2005), and age 
structure (Hock and Weil, 2012). Bosi and Seegmuller (2012) study the 
heterogeneity of households in terms of capital endowments, mortality, and costs 
per surviving child. Varvarigos and Zakaria (2013) examine interactions between 
fertility choice and expenditures on health in the traditional overlapping-
generations framework. Another determinant of population change is the mortality 
rate (Robinson and Srinivasan, 1997; Lancia and Prarolo, 2012). There are many 
studies on the relation between economic growth and endogenous longevity (e.g., 
Blackburn and Cipriani, 2002; Chakraborty, 2004; Hazan and Zoabi, 2006; Balestra 
and Dottori, 2012 and many theoretical models of longevity (e.g., Boucekkine et al. 
2002; Lee and Mason, 2010; and Ludwig et al., 2012). 

This study is strongly influenced by the literature of neoclassical growth theory and 
the literature of population growth and economic development. A unique 
contribution of this paper is that it models the population growth of multiple groups 
in the framework of the Solow growth model with endogenous wealth accumulation 
and gendered time allocation between work, leisure, and childcare. The paper 
analyses the link between the growth of wealth, economic growth, the gender 
division of labour, and population growth. Physical capital accumulation is built on 
the Solow growth model. The birth rate and mortality rate dynamics are influenced 
by the Haavelmo population model and the Barro-Becker fertility choice model. 
These dynamic mechanisms are synthesised in a compact framework, applying an 
alternative utility function proposed by Zhang (1993, 2020). The model is a synthesis 
of two of my earlier models. The first of these (Zhang, 2012) developed a model of 
economic growth with a gender division of labour assuming a constant population, 
while the second (Zhang, 2015) developed a growth model with endogenous 
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population with a homogenous household. Zhang (2013) developed a similar model 
with endogenous education. This paper is based on Zhang (2016), which deals with 
a multi-country economic system in which each national economy has a 
homogenous population. This paper is concerned with a case in which a single 
economy consists of multiple socio-cultural groups, a commonly observed feature 
of many national economies.  

The paper is organised as follows. Section 2 introduces the basic model with wealth 
accumulation and population dynamics. Section 3 simulates the model. Section 4 
carries out comparative dynamic analysis with regards to some parameters. Section 
5 concludes the study. 

2. THE BASIC MODEL 

The model is a synthesis of my earlier models (Zhang, 2012, 2015, 2016). The 
production aspects are based on the Solow growth model (Solow, 1956). The 
economy has one sector, producing a single commodity for consumption and 
investment. Capital depreciates at a constant exponential rate, 0.03 , which is 
independent of the manner of use. The technology of the production sector is 
characterised by constant returns to scale. All markets are perfectly competitive. 
Factors are inelastically supplied and the available factors are fully utilised at every 
moment. Saving is undertaken only by households. All earnings of firms are 
distributed in the form of payments to factors of production. Households own the 
assets of the economy and distribute their income between consumption, childcare, 
and wealth accumulation. The population of each gender is homogeneous. We 
assume that each family consists of husband, wife, and children. All the families are 
identical. We use subscripts 𝑞𝑞 �  1  and 𝑞𝑞 �  2  to stand for male and female 
respectively. The population is classified into 𝐽𝐽 groups, each group with population 
2𝑁𝑁��𝑡𝑡�. We use 𝑁𝑁��𝑡𝑡� to stand for the population of each gender in group 𝑗𝑗. We 
use �𝑗𝑗, 𝑞𝑞�  to index a person of gender 𝑞𝑞  in group 𝑗𝑗.  Let 𝑇𝑇���𝑡𝑡�  and 
𝑇𝑇����𝑡𝑡� stand for work time and time spent on childcare by �𝑗𝑗, 𝑞𝑞�, and 𝑁𝑁� �𝑡𝑡� for the 
flow of labour services used in time 𝑡𝑡 for production. We have 𝑁𝑁� �𝑡𝑡� as follows: 

𝑁𝑁� �𝑡𝑡� � ∑ �ℎ�� 𝑇𝑇���𝑡𝑡� � ℎ�� 𝑇𝑇���𝑡𝑡��𝑁𝑁��𝑡𝑡��
���  (1) 

where ℎ�� is the level of human capital of person �𝑗𝑗, 𝑞𝑞�.  
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2.1 The production sector  

The production sector uses capital and labour as inputs. Let 𝐾𝐾�𝑡𝑡� stand for the 
capital stock at time. The following form of the production function is: 

𝐹𝐹�𝑡𝑡� � 𝐴𝐴 𝐾𝐾��𝑡𝑡� 𝑁𝑁� ��𝑡𝑡�,𝛼𝛼,𝛽𝛽 � 0,𝛼𝛼 � 𝛽𝛽 � 1  (2) 

where 𝐹𝐹�𝑡𝑡�  is the output level, and 𝐴𝐴,𝛼𝛼,  and 𝛽𝛽  are parameters. Markets are 
competitive: thus labour and capital earn their marginal products. Profit is given by:  

𝐹𝐹�𝑡𝑡� � �𝑟𝑟�𝑡𝑡� � ���𝐾𝐾�𝑡𝑡� � 𝑤𝑤�𝑡𝑡�𝑁𝑁� �𝑡𝑡�. 
The marginal conditions are: 

𝑟𝑟�𝑡𝑡� � �� � � ����
���� ,𝑤𝑤�𝑡𝑡� � � ����

�� ��� ,𝑤𝑤���𝑡𝑡� � ���  𝑤𝑤�𝑡𝑡� (3) 

2.2 Consumer behaviour 

We use an alternative approach to the household proposed by Zhang (1993). 
Households decide on their time allocation, their consumption level, their number 
of children, and their amount of saving. To describe the behaviour of consumers, we 
denote wealth per family by 𝑘𝑘���𝑡𝑡�.  Current income per family from interest 
payments and wage payments is: 

𝑦𝑦��𝑡𝑡� � 𝑟𝑟�𝑡𝑡�𝑘𝑘���𝑡𝑡� � ����𝑇𝑇j1�𝑡𝑡� � ���𝑇𝑇j2�𝑡𝑡��𝑤𝑤�𝑡𝑡�. 

We call 𝑦𝑦��𝑡𝑡�  the current income, in the sense that it comes from consumers’ 
payment for effort and consumers’ current earnings from the ownership of wealth. 
The total value of wealth that a family can sell to purchase goods and to save is equal 
to 𝑘𝑘���𝑡𝑡�.  Here, we assume that selling and buying wealth can be conducted 
instantaneously without any transaction cost. The disposable income per family is 
given by 

𝑦𝑦���𝑡𝑡� � 𝑦𝑦��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� (4) 

Let 𝑛𝑛��𝑡𝑡� and 𝑝𝑝���𝑡𝑡� stand for the birth rate and the cost of birth. Following 
Zhang (2015), we assume that children will have the same level of wealth as that of 
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the parent. In addition to the time spent on children, the cost to the parent is given 
by: 

𝑝𝑝���𝑡𝑡� � 𝑛𝑛��𝑡𝑡� 𝑘𝑘���𝑡𝑡� (5) 

Here, we neglect other costs such as the purchase of goods and services. In the 
fertility choice model by Barro and Becker (1989), the cost also includes 
consumption of goods. We now introduce time spent on children. Becker (1981) 
emphasises the cost of the mother’s time spent on rearing children to adulthood. In 
most societies, women are the primary providers of childcare. We consider the 
following relation between fertility rate and the parent’s time spent on raising 
children:  

𝑇𝑇����𝑡𝑡� � 𝜃𝜃��  𝑛𝑛��𝑡𝑡�, 𝜃𝜃�� � 0  (6) 

where 𝜃𝜃�� is the time required for a mother (father) to raise one child. The specified 
functional form implies that if the parents want more children, they spend more 
time on childcare. This requirement is strict, as childcare tends to exhibit increasing 
returns to scale. For instance, the time spent per child tends to fall as the family has 
more children. We require constant returns to scale because this assumption makes 
the analysis mathematically tractable.  

The household distributes the total available budget between saving, 𝑠𝑠��𝑡𝑡�, 
consumption of goods, 𝑐𝑐��𝑡𝑡�, and childcare, 𝑝𝑝���𝑡𝑡�. The budget constraint is: 

𝑝𝑝��𝑡𝑡� 𝑐𝑐��𝑡𝑡� � 𝑠𝑠��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� 𝑛𝑛��𝑡𝑡� � ����𝑡𝑡� (7) 

We consider that in addition to work and childcare, parents also allocate time to 
leisure. We denote the leisure time of person �𝑗𝑗, 𝑞𝑞� by 𝑇𝑇����𝑡𝑡�. Each person faces 
the following time constraint: 

𝑇𝑇���𝑡𝑡� � 𝑇𝑇����𝑡𝑡� � 𝑇𝑇����𝑡𝑡� � 𝑇𝑇� (8) 

where 𝑇𝑇� is the total available time for leisure, work, and childcare. Substituting (8) 
into (7) yields 

104

Economic Annals, Volume LXVI, No. 231 / October – December 2021



𝑝𝑝�𝑡𝑡� 𝑐𝑐��𝑡𝑡� � 𝑠𝑠��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� 𝑛𝑛��𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� �
𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � �̄�𝑦��𝑡𝑡� (9) 

where 

�̄�𝑦��𝑡𝑡� ≡ �1 � ��𝑡𝑡��𝑘𝑘���𝑡𝑡� � �𝑤𝑤���𝑡𝑡� � 𝑤𝑤���𝑡𝑡�� 𝑇𝑇�. 

The right-hand side is the ‘potential’ income that the family can obtain by spending 
all the available time on work. The left-hand side is the sum of consumption cost, 
saving, the opportunity cost of childcare, and the opportunity cost of leisure. 
Inserting (6) in (9) gives 

𝑐𝑐��𝑡𝑡� � 𝑠𝑠��𝑡𝑡� � 𝑤𝑤���𝑡𝑡� 𝑛𝑛��𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � 𝑇𝑇����𝑡𝑡� 𝑤𝑤���𝑡𝑡� � �̄�𝑦��𝑡𝑡� (10) 

where 

𝑤𝑤���𝑡𝑡� ≡ 𝑘𝑘���𝑡𝑡� � ℎ�  𝑤𝑤�𝑡𝑡�, ℎ� ≡ 𝜃𝜃�� ℎ�� � 𝜃𝜃�� ℎ�� 

The variable 𝑤𝑤���𝑡𝑡� is the opportunity cost of childcare. Like Barro and Becker 
(1989), we assume that the parents’ utility is dependent on the number of children. 
We assume that the utility is dependent on 𝑐𝑐��𝑡𝑡�, 𝑠𝑠��𝑡𝑡�, 𝑇𝑇����𝑡𝑡�, and 𝑛𝑛��𝑡𝑡� as 
follows: 

𝑈𝑈��𝑡𝑡� � 𝑐𝑐�
����𝑡𝑡� 𝑠𝑠�

����𝑡𝑡� 𝑇𝑇���
�����𝑡𝑡� 𝑇𝑇���

�����𝑡𝑡� 𝑛𝑛�
����𝑡𝑡� 

where 𝜉𝜉�� is called the propensity to consume, 𝜆𝜆�� the propensity to own wealth, 
𝜎𝜎���  the gender 𝑞𝑞𝑞𝑠𝑠 propensity to use leisure time, and 𝜐𝜐�� the propensity to have 
children. It should be noted that in this study we assume that the parents’ utility is 
only dependent on their number of children. According to Soares (2005), parents’ 
utility depends not only on their surviving offspring, but also on the length of 
each surviving child’s lifespan. The first-order condition of maximising 𝑈𝑈��𝑡𝑡� 
subject to (10) yields: 

𝑐𝑐��𝑡𝑡� � 𝜉𝜉�  �̄�𝑦��𝑡𝑡�, 𝑠𝑠��𝑡𝑡� � 𝜆𝜆�  �̄�𝑦��𝑡𝑡�,𝑇𝑇����𝑡𝑡� � ��� �̄����
������ ,𝑛𝑛��𝑡𝑡� � �� �̄����

������  (11) 
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where 

𝜉𝜉� ≡ 𝜌𝜌�  𝜉𝜉��, 𝜆𝜆� ≡ 𝜌𝜌�  𝜆𝜆��,𝜎𝜎�� ≡ 𝜌𝜌�  𝜎𝜎���, 𝜐𝜐� ≡ 𝜌𝜌�  𝜐𝜐��,𝜌𝜌�
≡ 1
𝜉𝜉�� � 𝜆𝜆�� � 𝜎𝜎��� � 𝜎𝜎��� � 𝜐𝜐��. 

2.3 Birth and mortality rates and population dynamics 

My approach to population dynamics is influenced by the Haavelmo model 
(Haavelmo, 1954; and Stutzer, 1980) and the Ramsey model (Razin and Ben-Zion, 
1975; Yip and Zhang, 1997; and Chu et al., 2013). According to the definitions, 
population change follows:  

𝑁𝑁���𝑡𝑡� � �𝑛𝑛��𝑡𝑡� � 𝑑𝑑��𝑡𝑡��𝑁𝑁��𝑡𝑡� (12) 

where 𝑛𝑛��𝑡𝑡� and 𝑑𝑑��𝑡𝑡� are respectively the birth rate and mortality rate. It should 
be noted that Tournemaine and Luangaram (2012) construct a model of population 
growth and economic development. They examine interactions between fertility, 
education, growth rates of technical progress, and income per capita growth. They 
use the following technology of production of children: 𝑛𝑛�𝑡𝑡� � 𝑏𝑏𝑇𝑇���𝑡𝑡�, where 
𝑇𝑇��𝑡𝑡� is the time needed to rear children and 𝑏𝑏 and 𝜃𝜃 are parameters. In their 
model the mortality rate is assumed to be constant. My model introduces an 
endogenous mortality rate. In the Haavelmo model the mortality rate is negatively 
related to per capita income. In this study we assume that the mortality rate is 
negatively related to the disposable income in the following way: 

𝑑𝑑��𝑡𝑡� �
�̄� ��

�����
�̄�
�����  (13) 

where �̄�𝜐� � 0,  𝑎𝑎� � 0.  We call �̄�𝜐�  the mortality rate parameter. As in the 
Haavelmo model, an improvement in living conditions implies that people live 

longer. The term 𝑁𝑁�
���𝑡𝑡� takes account of possible influences of the population on 

mortality. For instance, when there is overpopulation, the environment deteriorates. 
We may take account of this kind of environmental effect by the term 𝑏𝑏�. In this 
case, it is reasonable to require 𝑏𝑏� to be positive. It should be noted that the sign of 
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𝑏𝑏� is generally ambiguous, in the sense that the population may also have a positive 
impact on mortality. Inserting (10) and (13) in (12) gives 

𝑁𝑁���𝑡𝑡� � ��� �̄����
������ � �̄� ��

�����
�̄�
����� �𝑁𝑁��𝑡𝑡� (14) 

This equation describes the population dynamics.  

2.4 Wealth dynamics 

We now find dynamics of wealth accumulation. According to the definition of 
𝑠𝑠��𝑡𝑡�, the change in a household’s wealth is given by 

𝑘𝑘����𝑡𝑡� � 𝑠𝑠��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� � ���̄�𝑦��𝑡𝑡� � 𝑘𝑘���𝑡𝑡� (15) 

2.5 The value of physical wealth and capital 

The value of physical capital is equal to the value of physical wealth  

∑ 𝑘𝑘���𝑡𝑡�𝑁𝑁��𝑡𝑡��
��� � 𝐾𝐾�𝑡𝑡� (16) 

2.6 Demand for and supply of goods 

The national savings are the sum of households’ savings. As the output of the capital 
goods sector is equal to net savings and the depreciation of capital stock, we have: 

𝑆𝑆�𝑡𝑡� � 𝐶𝐶�𝑡𝑡�  � 𝐾𝐾�𝑡𝑡� � ��𝐾𝐾�𝑡𝑡� �  𝐹𝐹�𝑡𝑡� (17) 

where 𝑆𝑆�𝑡𝑡� � 𝐾𝐾�𝑡𝑡� � ��𝐾𝐾�𝑡𝑡� is the sum of the net savings and depreciation and  

𝑆𝑆�𝑡𝑡� ��𝑠𝑠��𝑡𝑡� 𝑁𝑁��𝑡𝑡�
�

���
, and 𝐶𝐶�𝑡𝑡� �����𝑡𝑡� 𝑁𝑁��𝑡𝑡�

�

���
 

We have thus built the dynamic model. The model is structurally a unification of 
Walrasian general equilibrium and neoclassical growth theory with my earlier 
approach to household behaviour (Zhang, 1993, 2020). If we neglect wealth 
accumulation and capital depreciation (i.e., capital being constant), then the model 
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with heterogeneous households and one sector belongs to Walrasian general 
equilibrium theory. The Solow model and the Haavelmo model can be considered 
as special cases of my model. Moreover, as my model is based on some well-known 
mathematical models and includes some features that no other single theoretical 
model explains, we should be able to explain some interactions which other formal 
models fail to explain. We now examine the dynamics of the model. 

3. THE DYNAMICS AND ITS PROPERTIES 

This section examines the dynamics of the model. First, we introduce the ratio of 
the interest rate and depreciation to the wage rate 

𝑧𝑧�𝑡𝑡� ≡ 𝑟𝑟�𝑡𝑡� � ��
𝑤𝑤�𝑡𝑡� . 

We show that the dynamics can be expressed by differential equations with  ,tz
�𝑘𝑘���𝑡𝑡��, and �𝑁𝑁��𝑡𝑡�� as the variables. 

Lemma 

The dynamics of the economic system is governed by  

𝑧𝑧��𝑡𝑡� � 𝛺𝛺� �𝑧𝑧�𝑡𝑡�, �𝑘𝑘���𝑡𝑡��, �𝑁𝑁��𝑡𝑡��� 

𝑘𝑘����𝑡𝑡� � 𝛺𝛺� �𝑧𝑧�𝑡𝑡�, �𝑘𝑘���𝑡𝑡��, �𝑁𝑁��𝑡𝑡��� , � � 2,… , 𝐽𝐽 

𝑁𝑁���𝑡𝑡� � 𝛬𝛬� �𝑧𝑧�𝑡𝑡�, �𝑘𝑘���𝑡𝑡��, �𝑁𝑁��𝑡𝑡��� , � � 1, . . . , 𝐽𝐽 (18) 

where 𝛺𝛺��𝑡𝑡� and 𝛬𝛬��𝑡𝑡� are functions of 𝑧𝑧�𝑡𝑡�, �𝑘𝑘���𝑡𝑡��, and �𝑁𝑁��𝑡𝑡�� defined in 
the Appendix. Moreover, all the other variables are determined as functions of 

𝑧𝑧�𝑡𝑡�,  �𝑘𝑘���𝑡𝑡��,  and �𝑁𝑁��𝑡𝑡��:  𝑟𝑟�𝑡𝑡�  and 𝑤𝑤���𝑡𝑡�  by (A2) → 𝑘𝑘���𝑡𝑡�  by (A10) → 
𝑁𝑁� �𝑡𝑡�  by (A6) → �̄�𝑦��𝑡𝑡�  by (A3) → 𝑐𝑐��𝑡𝑡�,  𝑠𝑠��𝑡𝑡�,  𝑇𝑇����𝑡𝑡�,  and 𝑛𝑛��𝑡𝑡�  by (11) → 
𝑇𝑇����𝑡𝑡� by (6) → 𝑇𝑇���𝑡𝑡� by (A5) → 𝐾𝐾�𝑡𝑡� by (A7) → 𝐹𝐹�𝑡𝑡� by (2).  
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The differential equations system (17) has 2𝐽𝐽 variables. As demonstrated in the 
Appendix, the expressions are complicated. It is difficult to explicitly interpret the 
economic implications of the equations. The model is simulated to illustrate the 
system’s behaviour. The parameters are specified as follows: 

𝛼𝛼 � 0.25,� � 2, 𝑏𝑏� � 1,𝑇𝑇� � 24, 𝛿𝛿� � 0.05, 

�
𝑎𝑎�𝑎𝑎�𝑎𝑎�
� � �

0.1
0.2
0.3

� ,�
ℎ��
ℎ��
ℎ��

� � �
2

1.5
1
� ,�

ℎ��
ℎ��
ℎ��

� � �
1.5
1

0.5
� ,�

𝜉𝜉��
𝜉𝜉��
𝜉𝜉��

� � �
0.2
0.2
0.2

� ,�
𝜆𝜆��
𝜆𝜆��
𝜆𝜆��

� � �
0.6

0.55
0.5

�, 

�
𝑣𝑣��𝑣𝑣��𝑣𝑣��

� � �
1

1.2
1.5

� ,�
𝜎𝜎���𝜎𝜎���𝜎𝜎���

� � �
0.1

0.12
0.16

� ,�
𝜎𝜎���𝜎𝜎���𝜎𝜎���

� � �
0.13
0.14
0.8

� ,�
�̄�𝑣��̄�𝑣��̄�𝑣�
� � �

0.02
0.03

0.035
� , 

�
𝜃𝜃��𝜃𝜃��
𝜃𝜃��

� � �
0.1
0.2
0.1

� ,�
𝜃𝜃��𝜃𝜃��
𝜃𝜃��

� � �
0.5
0.3
0.2

�.  (19) 

It is assumed that a mother spends more hours on childcare than a father. Person 
�1,2�  spends a relatively long time on childcare per child and person �1,1� 
spends a relatively short time on childcare per child. Group 1’s human capital is 
assumed to be higher than group 2’s, and group 2’s human capital is higher than 
group 3’s. The relative propensities are listed as follows: 

⎝
⎜
⎛
𝑣𝑣�
𝜆𝜆�
𝜉𝜉�𝜎𝜎��𝜎𝜎��⎠
⎟
⎞ �

⎝
⎜
⎛

0.493
0.296
0.099
0.049
0.064⎠

⎟
⎞ ,

⎝
⎜
⎛
𝑣𝑣�
𝜆𝜆�
𝜉𝜉�𝜎𝜎��𝜎𝜎��⎠
⎟
⎞ �

⎝
⎜
⎛

0.543
0.249
0.091
0.054
0.063⎠

⎟
⎞ ,

⎝
⎜
⎛
𝑣𝑣�
𝜆𝜆�
𝜉𝜉�𝜎𝜎��𝜎𝜎��⎠
⎟
⎞ �

⎝
⎜
⎛

0.591
0.197
0.079
0.063
0.071⎠

⎟
⎞. 

Group 1’s propensity to have children is assumed to be lower than group 2’s, 
and group 2’s propensity to have children is assumed to be lower than group 3’s. 
Both men and women in group 3 are assumed to have the highest propensities 
to stay at home. Group 1 is assumed to have the highest propensity to save. It is 
assumed that fathers have a lower propensity to pursue leisure than mothers. The 
total productivity factor is � � 2. Although the specified values are not based on 
empirical observations, the choice does not seem unrealistic. In many studies (for 
instance, Miles and Scott, 2005, Abel et al., 2007) the value of 𝛼𝛼  in the Cobb-
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Douglas production function is approximately 0.3. With regards to the preference 
parameters, what are important in my study are their relative values. To follow the 
motion of the system the initial conditions are specified: 

𝑧𝑧�0� � 0.36, 𝑘𝑘���0� � 33, 𝑘𝑘���0� � 15,𝑁𝑁��0� � 88,𝑁𝑁��0� � 79,𝑁𝑁��0� � 92. 
The simulation result is plotted in Figure 1. The population grows from its low 
initial condition. As the population rate rises, the mortality rate also increases. 
The labour force increases, and the wage rates decline. The falling wage rates 
reduce the opportunity cost of childcare, resulting in a rise in the birth rate. The 
rising birth rate is associated with an increase in both men’s and women’s time 
spent on childcare. As income falls, both men and women work longer hours. 
Their leisure hours are reduced. The national wealth and output increase in 
association with the rising labour force. Nevertheless, both consumption level 
and wealth per household decline. It should be mentioned that in a two-period 
overlapping-generations model, Strulik (2008) takes account of subsistence 
consumption and infant survival. The model predicts an inverted U-shape 
relationship between fertility and income. As the family’s income increases it has 
more childcare resources. On the other hand, a higher income enables the parents 
to devote more resources to childcare. Some studies confirm that the fertility rate 
declines in the process of economic development (e.g., Kirk, 1996; Ehrlich and 
Lui 1997; Galor, 2012). From Figure 1 we can see that the relation between 
consumption and birth rate varies for different groups at different stages of 
economic growth.  
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Figure 1: The Motion of the Economic System 

 

It is straightforward to confirm that all the variables become stationary in the long 
term. This implies the existence of an equilibrium point. The simulation confirms 
the existence of the following equilibrium point: 

𝑁𝑁� � 86.2,𝑁𝑁� � 78.3,𝑁𝑁� � 95.6,� � 9644.7,𝑁𝑁� � 12025.7,� � 22760.7, 
𝑛𝑛� � �� � 1.63,𝑛𝑛� � �� � 2.13,𝑛𝑛� � �� � 2.94, � � 0.54,𝑤𝑤�� �2.84,𝑤𝑤�� � 2.13,  𝑤𝑤�� � 2.13,𝑤𝑤�� � 1.42,𝑤𝑤�� � 1.42,𝑤𝑤�� � 0.71,𝑇𝑇�� �
20.03,𝑇𝑇��� � 3.78,𝑇𝑇��� � 0.16,  𝑇𝑇�� � 16.6,𝑇𝑇��� � 6.58,𝑇𝑇��� � 0.62,𝑇𝑇�� �
20.05,𝑇𝑇��� � 3.52,𝑇𝑇��� � 0.43,𝑇𝑇�� � 17.2,  𝑇𝑇��� � 6.16,𝑇𝑇��� � 0.64,𝑇𝑇�� �
20.45,𝑇𝑇��� � 3.25,𝑇𝑇��� � 0.29,𝑇𝑇�� � 16.09,𝑇𝑇��� � 7.32,  𝑇𝑇��� � 0.59, 𝑘𝑘�� �
64.69, 𝑘𝑘�� � 34.67, 𝑘𝑘�� � 14.44, 𝑐𝑐� � 21.56, 𝑐𝑐� � 12.5, 𝑐𝑐� � 5.77. 
The populations of the three groups are respectively 𝑁𝑁� � 86.2,  𝑁𝑁� � 78.3, 
and 𝑁𝑁� � 95.6. These population differences are due to differences in human 
capital, the propensity to have children, and other factors. The following dynamic 
comparative statics demonstrate the effects of some parameters on the population 
dynamics. I calculate the six eigenvalues 

�2.97,�2.13,�1.63,�0.68,�0.6,�0.54. 
As the eigenvalues are negative, the unique equilibrium is locally stable. Hence, 
the system always approaches its equilibrium if it is not far from the equilibrium.  
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4. SIMULATION OF COMPARATIVE DYNAMIC ANALYSIS IN SOME 
PARAMETERS  

The motion of the national economy is simulated in (18). We now examine how the 
economic system reacts to some exogenous change. As the lemma gives the 
computational procedure to calibrate the motion of all the variables, it is 
straightforward to examine the effects of change in any parameter on transitory 
processes as well as the stationary states of all the variables. We use a variable 𝛥𝛥�𝑥𝑥��𝑡𝑡� 
to stand for the change rate of the variable 𝑥𝑥��𝑡𝑡�, as a percentage due to changes in 
the parameter value. 

4.1 Improvements to female human capital in group 1 

The traditional neoclassical approach holds that gender inequalities resulting from 
disparities in human capital will wither away as an economy experiences high 
growth (e.g., Beneria and Feldman, 1992, Forsythe, et al. 2000). According to Stotsky 
(2006: 18), “the neoclassical approach examines the simultaneous interaction of 
economic development and the reduction of gender inequalities. It sees the process 
of economic development leading to the reduction of these inequalities and also 
inequalities hindering economic development.” As my model is a general 
equilibrium model with heterogeneous households and endogenous population, we 
can deal with complicated relations between different variables. We now examine 
the following rise in female human capital in group 1: ℎ�: 1.5 ⇒ 1.7. The result is 
plotted in Figure 2. The national labour force, national output, and national capital 
are enhanced. The interest rate falls. The female wage rate in group 1 increases and 
the wage rates of other groups are slightly affected. Group 1’s population rises 
initially and falls slightly in the long term. The other two groups’ populations are 
slightly affected. Group 2’s population rises initially and falls in the long term. Group 
3’s population expands. For group 1, the opportunity cost of childcare increases in 
association with the mother’s wage rising. At the same time, the wage rate increases. 
The net result on the group’s birth rate is that it rises initially and falls in the long 
term. The time that group 1’s parents spend caring for children changes 
correspondingly. The mother from group 1 works more and the father works less. 
The father has more leisure time and the mother has less. The family consumes more 
and has more wealth. The mortality rate falls in association with improved living 
conditions. With regard to the effects on the other two groups, we find that the 
change in group 1’s human capital has little impact on its consumption and wealth 
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levels, even though the birth and death rates are affected. It should be remarked that 
many studies demonstrate that life expectancy increases with the aggregate level of 
human capital (e.g., Blackburn and Cipriani, 2002; Boucekkine et al., 2002). The 
results also demonstrate the same trend if we consider the mortality rate as 
negatively related to life expectancy.  

Figure 2: Human Capital of Group 1 Women Improves 

 

4.2 Group 1 mothers spend more time on childcare  

There is a vast amount of empirical and theoretical literature on economic growth 
and time allocation. We now theoretically examine another factor that may affect 
economic growth and the gender division of labour. We consider that the mother 
spends more time on childcare per child. We increase the parameter 𝜃𝜃�� as follows: 
𝜃𝜃��: 0.5 ⇒ 0.7. The result is plotted in Figure 3. Group 1’s mother spends more 
time on childcare and the father spends less time on childcare. Both the father 
and the mother spend less time on leisure. The mother works less hours and the 
father works more hours. The other two groups’ time distributions are slightly 
affected. The national wealth, capital, and output decrease. Group 1’s population 
is reduced. Group 2’s population rises initially and falls in the long term. Group 3’s 
population expands.  
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Figure 3: Mothers in Group 1 Spend More Time on Childcare  

 

4.3 A rise in total factor productivity 

The next concern is how the total factor productivity affects economic growth 
and population change. Technological change in the traditional Solow model has 
positive effects on long-term economic growth. As the Solow model assumes a 
constant growth rate and constant returns to scale, technological change has no 
impact on labour inputs and time allocation even in the short term. We now 
increase total factor productivity as follows: 𝐴𝐴: 2 ⇒ 2.2. The simulation results 
are plotted in Figure 4. As productivity is enhanced, the output level and wage 
rates increase. The total capital and labour force are enhanced. The interest rate 
increases initially but is not affected in the long term. Each group’s population 
increases. Birth and mortality rates increase initially but are not affected in the 
long term. Technological change results in increased levels of consumption and 
wealth per household, and of the opportunity cost of childcare. It has no long-
run impact on time allocations. 
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Figure 4: A Rise in the Total Factor Productivity 

 

4.4 A decline in the propensity to have children 

According to Tournemaine and Luangaram (2012: 925), “depending on the country, 
population growth may contribute, deter, or even have no impact on economic 
development. This ambiguous result is explained by the fact that the effects of 
population growth change over time. For example, a higher fertility rate can have a 
short-term negative effect caused by the cost of expenditures on children whereas it 
has a long-run positive effect through the larger labour force it generates.” But, 
according to Malthusian population theory for instance, it is argued that if a national 
economy has no economic activity characterised by increasing returns to scale, a rise 
in the population tends to reduce individual living conditions. We now examine the 
effects of the following decline in group 1’s propensity to have children: 𝜐𝜐��: 1 ⇒
0.8. The simulation results are plotted in Figure 5. As group 1’s interest in having 
children decreases, the group’s birth rate falls. Group 1 spends less time on childcare, 
more time on leisure activities, and less time on working. The group’s mortality rate 
also falls. Group 1’s population falls. Group 2’s population rises initially and falls in 
the long term. Group 3’s population increases. We see that when the other 
conditions are kept constant, a rise in the propensity to have children has a great 
impact on the population growth. The levels of capital and total labour input and 
output fall. Wage rates increase and the interest rate falls. Wealth and consumption 
levels increase.  
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Figure 5: A Decline in Group 1’s Propensity to Have Children 

 

4.5 Group 1’s income having a stronger impact on the mortality rate  

We now examine what will happen to the economy when group 1’s mortality rate is 
more negatively related to disposable income: 𝑎𝑎�: 0.01 ⇒ 0.02.  The result is 
plotted in Figure 6. Group 1’s population increases. Group 2’s population rises 
initially and falls in the long term. Group 3’s population increases initially and is not 
affected in the long term. The national labour force and capital and output increase. 
Group 1’s birth and mortality rates are not affected in the long term. The other two 
groups’ birth and mortality rates fall slightly in the long term. The wage rates 
increase and the interest rate falls. The wealth and consumption levels increase. 
There are also slight changes in the time allocations.  
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Figure 6: Group 1’s Disposable Income Having a Stronger Impact on the Mortality 
Rate  

 

4.6 A rise in the female propensity to pursue leisure activities 

It is important to examine the economic consequences of an increase in female 
preferences for pursuing leisure activities. As the economy and other conditions in 
society change, people may change their preferences. For instance, women and men 
in developed societies may change their education and work preferences, resulting 
in changes to the economic system. To illustrate this we consider the effects 
following an increase in the female propensity to pursue leisure in Group 1: 
𝜎𝜎���: 0.13 ⇒ 0.15. An immediate consequence of the preference change is that 
a wife from group 1 spends more time on leisure and the husband has less leisure 
hours. The husband works more hours and the wife works less. Both husband and 
wife reduce their time spent on childcare. Group 1’s birth and mortality rates fall. 
Group 1’s population falls. The other two groups’ birth and mortality rates and 
populations are only slightly affected. The national output, national labour force, 
and national capital all decrease. The wage rates fall and the interest rate increases. 
Group 1’s representative household consumes less and has less wealth. The 
representative households of the other two groups are only slightly affected.  
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Figure 7: An Increase in Woman’s Propensity to Pursue Leisure Activities 

 

4.7 The impact of an increase in group 1’s propensity to save 

According to the Solow model, a rise the propensity to save will increase per capita 
wealth but reduce the per capita consumption level. I will show that the impact in 
my model is different from the result in the Solow model in the long term. The 
(exogenous) population growth rate is not affected by economic conditions in the 
traditional one-sector growth model. I now examine what will happen in an 
economy with endogenous birth and mortality rates when group 1’s propensity to 
save is increased as follows: 𝜆𝜆��: 0.6 ⇒ 0.62.  Group 1’s per household 
consumption level falls initially and rises in the long term. Group 1’s per household 
wealth increases. Both men and women from group 1 work more hours initially and 
work less hours in the long term, they spend less hours on leisure initially and more 
hours in the long term, and they spend less hours on childcare. Group 1’s population 
falls. Group 2’s population rises initially and falls in the long term. Group 3’s 
population increases. The national labour supply and national output fall, while the 
national capital increases. The wage rates increase and the interest rate falls. Groups 
2 and 3 consume more and own more wealth. Groups 2 and 3 do not change the 
time allocated to childcare; they increase work hours and reduce leisure hours. We 
see that group 1’s change in the propensity to save not only affects the group’s time 
allocation but also the other groups’ allocation of time between leisure and work. 
Changes in the national capital stock affect the marginal returns of work (i.e., wage 
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rate). As the wage rates are affected, the other groups’ time allocations are also 
affected.  

Figure 8: The Impact of an Increase in Group 1’s Propensity to Save 

 

5. CONCLUDING REMARKS 

This paper introduces endogenous population into a generalised Solow one-sector 
growth model with multiple types of households. The paper is a synthesis of my 
earlier models of endogenous population (Zhang, 2015) and of general equilibrium 
dynamics with heterogeneous households (Zhang, 2012). The study analyses the 
dynamic interdependence between different socio-cultural groups’ birth rates, 
mortality rates, population, wealth accumulation, and time distribution between 
work, leisure, and childcare. The emphasis is on the role of changes in human capital, 
technology, and preferences on birth and mortality rates and the allocation of time 
between work, childcare, and leisure. The basic economic structure is based on the 
Walrasian general equilibrium theory and wealth accumulation is based the Solow 
growth model. An alternative utility function proposed by Zhang (2020) is used to 
describe the behaviour of households. In my approach, wealth and income 
inequality is due to heterogeneity in households’ preferences and human capital 
levels as well as in households’ initial wealth. Also modelled are gender differences 
in human capital, the propensity to use leisure time, and the efficiency of childcare, 
and the dynamics of group differences in wealth, income, birth rate, mortality rate, 
and population. The model simulates the movement of the economy and population 
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change and identifies the existence of an equilibrium point. Also examined are the 
effects of changes in the propensity to have children, the propensity to save, the 
female propensity to use leisure, female human capital, and female involvement 
in childcare. As this model is built on economic theory, it can be generalised and 
extended. In my approach, the childcare function exhibits constant returns to scale 
in the parent’s time allocated to childcare. It is possible to generalise the model by 
applying more general production or utility functions. Future studies could take 
account of scale effects in childcare.  
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APPENDIX 

Proving the lemma 

The dynamics can be expressed by a differential equations system. From (3), we 
obtain: 

𝑧𝑧 𝑧 ����
� � ����

�   (A1) 

where 𝛼𝛼� 𝑧 𝛼𝛼/𝛽𝛽. From (2) and (3), we have: 

𝑟𝑟 � 𝛼𝛼 𝐴𝐴 � �����
� � �� ,𝑤𝑤 � 𝛽𝛽 𝐴𝐴 �����

� ,𝑤𝑤�� � ℎ��  𝑤𝑤.  (A2) 

Hence, we determine 𝑟𝑟, 𝑤𝑤, and 𝑤𝑤�� as functions of 𝑧𝑧. From the definition of �̄�𝑦 
and (3) we have: 

�̄�𝑦� � �1 � 𝑟𝑟�𝑘𝑘�� � ℎ�� 𝑤𝑤 (A3) 

where ℎ�� 𝑧 �ℎ�� � ℎ���𝑇𝑇�. By (8) and (11), we have: 

𝑇𝑇�� � 𝑇𝑇� � 𝑇𝑇��� � 𝑇𝑇��� � 𝑇𝑇� � ���� ��
��� � ���

��� �� �̄�𝑦� .  (A4) 

Insert (A3) in (A4) 

𝑇𝑇�� � 𝜒𝜒�� � �̃�� �� ���̄�
��� � 𝑟𝑟��  𝑘𝑘� � (A5) 

where 

𝜒𝜒�� � �1 � �ℎ�� � ℎ��� 𝜎𝜎��
ℎ�� � 𝑇𝑇�, �̃�𝑟�� 𝑧 𝜃𝜃��  𝜐𝜐��1 � 𝑟𝑟�, �̄�𝑟�� 𝑧 ℎ�� 𝜃𝜃��  𝜐𝜐�  𝑤𝑤, 𝑟𝑟��

𝑧 �1 � 𝑟𝑟�𝜎𝜎��
ℎ��  𝑤𝑤 . 

Insert (A5) in (1)  
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𝑁𝑁� � ∑ �𝜒𝜒� � �̃� �� ������
��� � �̃�𝑟��  𝑘𝑘���𝑁𝑁��

���  (A6) 

where  

𝜒𝜒� ≡ ℎ�� 𝜒𝜒�� � ℎ�� 𝜒𝜒��, �̃�𝑟� ≡ ℎ�� �̃�𝑟�� � ℎ�� �̃�𝑟��, ℎ��� ≡ ℎ�� �̄�𝑟�� � ℎ�� �̄�𝑟��, �̃�𝑟��
≡ ℎ�� 𝑟𝑟�� � ℎ�� 𝑟𝑟��. 

By the definition of 𝑧𝑧, we have:  

� � ����
� .  (A7) 

Insert (A6) and (16) in (A7) 

�𝑧𝑧� � �̃�𝑟�
𝑤𝑤��� 𝑘𝑘�� � ℎ���

𝑤𝑤�� � 𝜙𝜙� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ 
𝜒𝜒� � �

�� ∑ �𝜒𝜒� � �̃� �� ������
��� � 𝑧𝑧�  𝑘𝑘���𝑁𝑁��

��� , (A8) 

where  

𝑧𝑧� ≡ �̃�𝑟�� � 𝑧𝑧
𝛼𝛼� . 

Insert 𝑤𝑤�� � 𝑘𝑘�� � ℎ� 𝑤𝑤 in (A8): 

𝑘𝑘��� � 𝑚𝑚� 𝑘𝑘�� � 𝑚𝑚� � 0,  (A9) 

where 

𝑚𝑚� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ ℎ� 𝑤𝑤 � �̃�𝑟� � 𝜙𝜙�
𝑧𝑧� ,𝑚𝑚� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ ℎ��� � ℎ� 𝑤𝑤 𝜙𝜙�

𝑧𝑧� . 

Solve (A9) 

𝑘𝑘�� � 𝜙𝜙 �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡
���������� ��

� .  (A10) 
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In the simulation, (A10) has a meaningful solution: 

𝑘𝑘�� � �𝑚𝑚� � �𝑚𝑚�� � 4 𝑚𝑚�
2 . 

The following procedure shows how to express the variables as functions 𝑧𝑧, �𝑘𝑘���, 
and �𝑁𝑁��: 𝑟𝑟 and 𝑤𝑤�� by (A2) → 𝑘𝑘�� by (A10) → 𝑁𝑁�  by (A6) → �̄�𝑦� by (A3) → 𝑐𝑐� , 
𝑠𝑠� , 𝑇𝑇��� , and 𝑛𝑛�  by (11) → 𝑇𝑇���  by (6) → 𝑇𝑇��  by (A5) → 𝐾𝐾 by (A7) → 𝐹𝐹 by (2). 
From this procedure (15) and (14), we have: 

𝑘𝑘��� � 𝛺𝛺� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ 𝑠𝑠� � 𝑘𝑘��,  (A11) 

𝑘𝑘��� � 𝛺𝛺� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ 𝑠𝑠� � 𝑘𝑘�� , � � 2, . . . , 𝐽𝐽, 

𝑁𝑁�� � 𝛬𝛬� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ ����̄���� �
�̄���

��

�̄�
�� �𝑁𝑁� , � � 1, . . . , 𝐽𝐽.  (A12) 

Take derivatives of (A10) with respect to 𝑡𝑡: 

𝑘𝑘��� � ��
�� 𝑧𝑧� � ∑ ��

��� � 𝑘𝑘�
���

��� � ∑ ��
��� 𝑁𝑁��

�
��� .  (A13) 

Insert (A12) in (A13): 

𝑘𝑘��� � ��
�� 𝑧𝑧� � ∑ 𝛺𝛺� ��

��� �
�
��� � ∑ 𝛬𝛬� ��

���
�
��� . (A14) 

Equalise the right-hand sides of (A11) and (A14): 

𝑧𝑧� � 𝛺𝛺� �𝑧𝑧, �𝑘𝑘���, �𝑁𝑁��� ≡ �𝛺𝛺� � ∑ 𝛺𝛺� ����� �
�
��� � ∑ 𝛬𝛬� ��

���
�
��� � ������

��.  (A15) 
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